A new upper bound is obtained for the singular perturbation parameter of an asymptotically stable singularly perturbed system. General time-invariant systems with a single small parameter are considered. The paper employs a Riccati equation whose solution is known to facilitate the exact decoupling of fast and slow dynamics. An application of the Brouwer fixed point theorem to the Riccati equation and of Liapunov's direct method to the fast and slow subsystems results in the desired upper bound. Computation of the estimate requires only the solution of two Liapunov matrix equations.
Introduction
Consider the system x = A X + By (1) is referred to as a singularly perturbed system since its dimension drops from n +nz to 72 when the parameter E is formally set to 0. Theorem 1 below gives sufficient conditions for the asymptotic stability of ( 1 ) for all sufficiently small values of the singular perturbation parameter E and has been derived by several authors. See the excellent survey articles [22, 23, 251 for a discussion of results in singular perturbation theory and for references to the early literature.
Notation. By ' a := [26j has studied the problem using the singular value decomposition, obtaining an inequality involving E which was then used to yield explicit upper bounds in speciflc examples, though no generally applicable formula for an upper bound was derived. Chow
[ll] contains a stability computation for a class of nonlinear autonomous singularly perturbed systems which can be directly applied to yield an explicit upper bound for obtains an upper bound which applies to distributed parameter systems. The approach taken in [4, 51 resembles that of the present work in that both begin by ensuring the existence of a transformation which exactly separates the fast and slow modes of (1).
Separation of Fast and Slow Modes
It is well known 
can be used to exactly separate the fast and slow dynamics of ( 1 ) for those values of E for which (3) has a solution. Moreover, one has the following representation for the spectrum of J ( E ) :
If L exists, (4) implies that the eigenvalues of ( A -BL ) are the slow modes and those of (EC'D + L B ) are the fast modes of ( 1 ) .
In this paper Eq. (4) is all that is required from the results on explicit separation of fast and slow modes and the reader is referred to the survey articles mentioned above for further details.
Note that by Eq. (3) L =D-'C + 0 ( I E I ). It will prove convenient in the computations below to use the matrix
in favor of L , as r=o ( I E I ). In terms of r, (3)
where A , = A -BD-'C is as de6ned in Theorem 1 .
Rewrite Eq. where the parametrized mapping
A parametrized upper bound 
Noting that there is a p such that lAl < implies 16) completes the proof of Proposition 1.
To obtain an explicit upper bound p * , use the triangle inequality (recall that 1A1 = lA' I ): F ' Q + QF = -P and optimizing the resulting upper bound over a chosen set of positive definite matrices P . The required computational effort would, however, be signiflcantly increased. The implications of this for the upper bound on E which is obtained below will be apparent.
Stability of the slow Subsystem
As noted earlier, (4) 
with r a solution to (6). Proposition 2 now implies that A s is a stability matrix (i.e. the slow modes are stable)
and (ii) there is a solution r of (6) 
Stability of the fast subsystem
By Eq. (4) and the deflnition (5) of r, the eigenvalues of the fast subsyst,em are those
Since E > 0 the fast subsystem is stable if and only if the matrix
is stable. By Proposition 2, this will be the case 
The Upper Bound
It is now straightforward to
give an upper bound eo on E such that for 0 < E < c0 the asymptotic stability of (1) is cer- 
Finally, the fast subsystem will be well defined and stable if the last remark holds and if E < c2(cy) where E~( C Y ) is given by Eq. (24) . By Eq. (4) stability of the fast and slow subsystems implies t h a t of the singularly perturbed system (1). (26) and where € ; ( C Y ) , f2(cr) and E are given by Eqs. ( l l ) , (24) and (25) respectively.
One of Liapunov matrix equations, see Laub ( :24j, Section IV-E).
Conclusions
The paper has presented a derivation of a new upper bound eo on the small parameter E of a singularly perturbed system (1) such that if Theorem 1 applies the asymptotic stability of (1) is ensured if 0 < E < Eo. The analysis consisted of applying the Brouwer flxed point theorem and Liapunov's direct method to obtain explicit estimates for well known results on time scale separation and on regular perturbation of stable linear systems. An expression for eo was then obtained by considering t,he implications of these estimates for the stability of fast and slow subsystems associated with system (1). Computation of the new upper bound involves only the numerical solution of two Liapunov matrix equations, for which efficient algorithms are available.
